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NATICNAL ADVISORY CbMMITTEE FOR AERCNAUTICS

TECHNICAL NOTE NO. 1345

CRITICAL COMBINATT ONS OF TORSION AND DIRECT
AXJAL STRESS FOR THIN-WALLED CYLINDERS

By S. B. Batdorf, Manuel Steln, and Murry Schiidcronut
SUMMARY

A theoretical solution is presented for the determination of
the combinations of dlirect axial stress and torsion which cause
thin-walled cylinders with elther simply supported or clamped edges
to buckle. This theoretical solution is used in conjunction with
available test data to develop empirical curves and formulas for use
in design. Comparisons are made with theoretical and empirical
soluti .8 obtalned In other investigations.

T TRODUCTICN . ' '

The determination of the combinations of direct axial stress
and torsion which cause thin-walled cylinders to buckle 1s treated
in the present paper. Cylinders in torsion dbuckle at a stress
slightly less than the theoretical stress (reference 1) and cylinders
in compression buckle at a stress considerably less than the
thearetical stress (reference Z). It therefore appears that the
theoretical solution would be in good agrsement with, the experimental
regults vhen the buckling 1s due mainly to torsion but would require
modifications when the buckling is to any appreciable extent due to
compressione.

Empirical approaches to the problem have been made previously
(references 3 to 5) end interaction formulas have been proposed for
use in design. These formulas are scomewhat limited as to the range
of applicability because of the limited r-nge of dimensions of the
test specimens.

In the present paper theoretical interaction curves are derived
(appendix‘A), the test data of references 3 to 5 are re-examined,
end finally empirical interaction curves and formmlas that are
- rational modifications of the theory are developsd. The present
results can therefore be used over a much wlder rangs of cylinder

/



NACA TN No. 1345

dimensions then could previously availeble results. In the enelysis
glven herein the theoreticel results are first described end then :
nodifications are introduced to dbring tl.e results into agreément with
available experimental data.

m’ n)J

SYMBCLS

integers

radius of cylinder

thickness of cylinder wall

displacement of point on median surface of cylindsr in
exisl (x-) direction

displacement of point on median surface of cylinder in
circumferential (y-) direction

dioplacement 6f point on median surface of cylinder in

radial direction; positive outward

axinl coordinate of cylinder

_circuﬁferential.coordinate of cylinder

‘ " [ B3
flexural stiffness of plate per wnit length 5
e 32(1 -H )

Young' B modulus of elastlclty
length of cylinder

operator defined in- aﬁpendix A

o) U / 2 R
curvatuz"re parameter (rt 1 - p° or Kr t\jl )
cosfficients of terms in deflection functimms -

2
kgn“D
124

shear-s{:ress coefficient eppearing in equation T =
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k, direct-axial-strenss cgefficient appearing in
X,n"D

T

equation oy =

2 2k
= 2 1n2 2 lazen* o
Mn 8B [i(n * B> * ﬂh-(ne + 62)2 n kx}

(Fs) empirical shear-stress ratio (retio of shear stress present
exp to empirical critical chear stress in absence of other

stresses)
(?s) theoretical shear-atress ratio (ratio of shear stress
th precent to theoretical criticel shear stress in absence

of other strecses)

(?#) empiricel direct-axial-stress ratio (retio of direct
exp axlel stress present to empirical critical direct
axial stress in absence of other stresses)

(?x) theorstisal direct-axisl-stress ratio (ratlio of direct
th axial stress precent to theoretical criticel direct
8tress in absence of other stresses)

Vm, wm deflectien functions defined in appendix A

A half wave length of buckles in circumferential direction
u Toisson's ratio

Ox direct axial stress in cylinder wall

T . shear stress in cylinder wall

Lo g an
Vh = a + a + a
MRS S

V%2 inverse of Vl*, defined by V™% Vv =
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'RESULTS AND DISCUSSION

Theoretical Intersction curves.- The Eoﬁbinations of shear and
axial siress which cause cylinders to buckle may be obtained from
the equations o -

and

vhen the stress coefficients kg and ky are known. The

theoretical combinations of shear-stress end axial-stress
coefficients for cylinders with simply supported or clamped edges
sre given by interaction curves for & number of values of the
curvaturé peremeter Z in figures 1(a) and 1(b), respectively.

For small values of 2, which describe very short cylinders,
the intersction curves have vertical parts which are discussed in
some debail in reference 6 end in eppendix B of the present paper.
At slightly largsr values of Z the curves have the general shape
of e perabola and at still lerger values of Z the curves tend to
straighten out. Computations show that curves plotted in estress-
ratio form for simply supported cylinders are substentially
independent of the value of Z from 2 = 30 to at least 2Z = 1000,
the lergest value of Z thet was checked. Such interaction cwrves
were not computed for cylinders with clamped edges et large velues
of Z; however, at large values of Z, the critical stresses in
both shear elone and in compression alone are substantially
independent of the type of edge support. The interaction curve
therefore cen reasonably be assumed to be almost independent of
the type of edge support. The interactlon curves for cylinders
having velues of Z greater than 30 with elther simply supported
or clamped edges may be approximated in the compression range by a

straight line from (R =1 to (Rg) =1 end early in the
"X /th -

tension renge by a straight line having e slope of -0.8 pessing
through (Rs)th =1 (see fig. 2). The denominators of the stress

ratios (?s) and (Rx) are the critical stresses for tarsion
th th :

~
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alone and for axial compression alone, -.ich may be obtained from
the theoreticel curves of figures 3 and 4, taken from references 1l
and 2, respectively. The theorsetical interaction data that have
been computed.' are given in table 1.

' 2
Very long cylinders in torsion (z > about 101') buckle with

2
t
two circumferentiel half waves and the curves of figure 3 no longer
apply (see reference 1). The curves of figure 4, which describe
the local instability of cylinders, do not apply to very long
cylinders which fail as Ewler columms (Euler buckling occurs for

Z > about 7 7r§ for eimply supported cylindrical colums). The
present paper is solely concerned with short a.nd moderately long

c¢ylinders - say, Z< T.TT—Z-.
t

Empirical intersciion curves.- As cylinders of moderate or
large curvature buckle in compression at & stress considserebly less
then the theoretical stress, the curves in figures 1(a) and 1(b) and
the interaction data of table 1 must be modified to give results
applicable to actual cylinders. The requirement that for large
values of Z the empirical interaction curve should agree approxi-
mately with the theoretical curve near the kg-axis and yet cross

the ky-axis at only & fraction of the theoretical Xy-intercept

suggests the use of a curve of the parabolic type in the compression
renge. Available experimental data indicate that the analysis
required to determine the type of parabola most satisfactory from &
theoretical point of view for each particular cylinder is not
Justified for practical purposes because of the scatter of the test

f
points and that the use of the simple parabola (Rs) \Rx)erp =1

is satisfactory.

The simple parabolic Interaction curve is completely determined
when the intercepts corresponding to pure torsion and pure compression
‘are known. These intercepts may be obtained from the empirical
curves of figures 3 and 4. The empirical curves for cylinders under
compression were obtained from reference 2, and the empirical curves
for cylinders under torsion were obtalned by fairing a curve through
the test points given in reference 1.

References 1 and 2 indicate that theory and experiment are in
good agreement for either torsion or compression alone for very
short cylinders (z €1 for simply supported edges snd 2 s 5 for
clamped edges). In these ranges of 2Z, therefore, the theoretical
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interaction curves (figs. 1(e) and 1(b)) end values from teble 1
mey be used. At larger valuee of Z peiabolic interaction curves
with intercepts obieined from the empiricel curves of figures 3
end 4 are recommended for use in the compression range.

In the tension range the theoretical interaction curves mey be
expected to be in reascneble agreement with experimental results
because axial tension tends to minimize the effects of initial
eccentricities, which ere generally considered to be responsible for
the large discrepancics between the theoretical and the experimental
values of criticel compressive stress. Therefore, under camblned
torsion end moderate tension - thet is, the tension range for which
computed results are available - a conservative approximation to the
buckling stress which may be used for the design of cylinders of
modsrate or large curvature 1s & otraight line. This straight line
has the same slope as the theoreticel interaction curve in the
tension range and passes through the point corresponding to buckling
of a cylinder in torsion slons &s obtained from the empirical curve
of figure 3. : : I

. INTERACTION FORMULAS

On the basis of the preceding discuesion of the interactiom
curves, the critical combinations of toreion and direct axial
stress for thin-walled cylinders of moderate or large curvature
may be expressed approximately in stress-ratio form by the following
gimple formulas. : '

Theoretical intersction formulas.- Theoretical mteracfion
formules for 30<2< 7.71:22- cen be expressed by the Pollowing

equations: for shear end compression (d < (Rx)th < l)v,

. s)th~;‘.xth A e
end for shear and moderate tension (-15 (Rx)th< o), -

i (Rs>;#v+0.8(3x-)th =1 -‘ | (2) '

HE T
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The theoretical critical stiresses of cylinders in torsion alone and
cylinders in axial compression alone can be obtained by the vee of
figures 3 znd U, respectively. Figure 2 shows that equations (1)
and (2) are Tairly good approximations to the theoretical results.
Empirical interaction formmlas.- IEriirical Interaction formules
can be expressed by the following equaticns: for shear and

compression {O < (Rx> < l),

exp
@s)ex; + (Rx)exp =1 (3)

and for shesr and moderate tcneion (-1 5 (R ) <c,
\x+h

+ o.8(Rx>'th = 0.9 o (W)

(%)

th

- N . 2
Equation (3) is velid vhen 1 < Z <‘7.7§§ for cylinders with simply

2
sunpcrted edges end when 5 < 2 < T.7L§ for cylinders with clamped
t

2
edaes; equation (4) is valid when 30< 2 < 7.725 for cylinders
t

with both simply supported and clamped edges.

The empirical criticel stresses of cylinders In torsion alone
and cylinders in axial compression alcne can bse obtained by the use
of figures 3 and 4, respectively. At values of Z < 30 the
theorstical solution may be used for design purposes in the tension
range.

'COMPARIGCN OF EMPIRICAL INTERACTICN RESULTS WITH TEST

" DATA FRCM OTHER TNVESTIGATICNS

The accufacy’of the empirical results is checked by a camperison
with test data In figures 5 end 6. In figure 5 test data ottained
from reference 3 for celluloid cylinders are given for several
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selected values of Z. Each cylinder was buckled several times
wder different combinetions of torsion and axial stress and the
results are presented directly in stress-ratlo form. These stress
ratiocs are based upon the observed critical stresses of the
cylinder in torsion alone and in axial compression alone and
therefore the results serve as a check only on the shape of the
interaction curve and not on the actual stresses. In figure 5
the essumption of a parsbolic interaction curve is shown to be
plightiy conservative. The parabolic Interaction curve in

figure 5 corresponds to the more comservative of two formules
sugcested in reference 3 by Bruhn and is the same as the formulae
suggested by Ballerstedt and Wegner (referemnce 5) for the
compression reange.

Test date for seversl velues ¢of Z obtained by Bridget In
reference 4 for the buckling of brass end steel cylinders under
combined torsion and axiel stress ere plotted in stress-ratio form
in figure 6. Because & different cylinder wes used for each
combination of loads, the date show conslderably more scatter
than those of reference 3. The reduction of the deta from stresses
to stress ratios by the use of the empirical curves of figwres 3
end 4, however, provides a check on the accuracy of the points
correeponding to shear alone and compression alone which is not
provided by the test dzte of reference 3. The empirical inter-
action curve, also shown in figure 6, 1i:3 near the center of
ths rather wide scetter band.

Ballerstedt and Vagner (reference 5) tested a mumber of very
thin brass cylindere wmder combined torsion and tension and
concluded that for the design of cylinders under such loading
conditions the Tollowing egquetion may be used:

CANRLE ST (5

Results cbtained by use of equation (5) appear to be in very
gatisfactory agresment with experimental resulte when the
equetion is used in conjunction with the formulas given in
reference 5 for buckling in pure compression and pure tenslon;
vhen equation (5) is used in canjunction with the more accurate
values given in figures 3 and 4, however, the equation is very
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wmconservative. The test data of reference 5 compare favorably
with the present recommended design curves when the stress retios
are recomputed by use of the empirical critical stresses glven in
figures 3 end k.

Langley Memorial Aercnautical Laboratory
National Advisory Committes for Aercneutics
Langley Field, Va., March 20, 1947
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~ APPENDIX A
THEORETTCAL SOLUTION

Equation of ecuilibrium.- The combinetions of shear and axial
stresc which will cause a cylinder to buckle mey be obtained by
solving the following equation of equilibrium (see reference T):

»
Dvhw;%vh%}wm Si-g%;+ uxtg';gso (A1)

wvhere x and y are the coordinates indicated in the following
figure:

Division of eguation (Al) by D gives the equation

1272 __), dbw 2 _Pu 12 2w |
1227 o-h ¥, oy IS SN L, 2
P v S e p sy T Eae 0 Y

.

mi-
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where the dimensionless parameters Z, kg, and ky are defined by

TtI?

k. =
Dﬂ2

3

a xtLQ

Drr®

kz=

Equation (A2) can be represented by

Qw =0

vhere Q 1s defined by
y o 1272 .y b 1= d° e 32
=VT + VT =+ 2k = + k, = S—
? T+ Y S

(A3)

Method of solution.- Equetion (A3) mey be solved by using the
Galsrkin method as given in reference 8. In the application of this

method, equation (A3) is solved by the use of a suitable series

expansion for w az follows:

3 3
wa® 8V + S bW
Ly fmm Ty o

In equation (A4) the functions Vi, Vo veeVy, Wy, W ...WJ

(Ab)

Indlvidually satlsfy the boundary conditions en w but need not

satiefy the equation of equilibrium.
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The coefficients &, eand b, ere then determined by the equatioms

-

2% b
ffvnq:wd.xdyr:O'
0 Jo |
. 2% (b
ffwnczwaxay-o
. Yo Vo -

where n = 1,2,3, *re

e (a5)

The boundary conditions coneidered in the present paper are
as follows: For simply eupported edges,

P . : .
v =7=v =0, and u is unrestrained;

3
end for clamped edges,

W= é;-’- =u=0, and v 1s unrestrained.

Solution for cylinders with simply suvported edges.- The

following infinlte series expansion can be used to represent exactly
the displacement w in the case of cylinders with simply supported
edges:

[--} on .
w=sin’-;:1§ amsin%+cos¥é 'bmsil.nn-%:t‘-JE (A6)
) m=] mel e
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vhere A 1is the helf wvave length of the buckles in the
circunferential direction, Expression (A6) is equivalent to
equation (Ak) if ,

ain L gin BIX
. Vp = oin 3 sin 52

. | (AT)

= LN ntx
Wn cos Y gin L J

Substitution of expressions (A6) and (A7) into equaticns (AS) and
tegration over the limits indicated give ;

) 2\2 1272k P eﬁks—\—— mn
o (12 + §2)% + —2ELRI— Loy | L RN ) BB g
( n)‘n2+62) T =y n? - n*
" (A8)

' 2 12720t 2 8pkg T~ mn
bl (n? + pe)° ¢+ LB . pop | 4 S 2 SO

n( ' nh(n2+52)2 X x {;___‘j'_amng-me

where

p ==

n=l,2,3, sy

Equations (A8) have 2 solution in which the coefficients &, end

the coefficlents b, are not all zero only if the following
determinant vanishes: : ' o _

7/



14

nel

ne=2

n=3

n=h

r>n=6

n=l

n=2

ne=3

" ns=h

n=5

n=b

o \JN O\ o

] o
Bl

o

a3 al
0 0

0 0
%;"3 °
0 ‘il?lel-

0 0
o
-g 0
%% 0
2

85

ag

WS

.
\JTHON o

o

-10

21
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‘b3 by ‘b5 b6 ...
€ 0o B o..
¢] % 0 23-..
12 20

O

(A9)
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where

Mn=8“—ﬂ{n2+ BQ)Q +ﬂ

L

12
ne

. .
+ ﬁg)z

r;gkx

15

By a rearrangement of rows and columms, the infinite determinant
can be factored into the product of two mutuvally eguivalent infinite

subdeterm’nants.

subdeterminant in the followlng equatlon:

e
n=1 ll?le
n=2 23_
n=3} O
n=l l-l%-
n=5| O
n=6 %
n= 0
-}
n=2{ 0
n=3; 0
néit_ 0
n=5 0O
n=6{ 0

b2

, e
iy (R Wi

o

a3 by
£ o
T
-1:{2— %{—E!r-@
2 o
3
o o
o 0
o 0
o 0
o 0
o 0

a5 bg
0o %
.%.g. 0
o 5
2 o
1Ly 20
kg5 11
e
0 0
o o
0 0
0 o0
0 0
0 0

by

8.2 b3
0 o0
0 0
0o o0
)
0o 0
0 0
2
3 0
1 6
2 5
€ Ly
> kg
0 12
- 7
10
5 0

ay

0

b5

0

The critical stress may then be obtalned from either

86..0s

0 s+

(A10)
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The first approximation, obtained from the second-order
deterninant, 1is glven by

kg = @ )2’”’1”2 | (An1)

The second approximation, obtained from the third-order
determinant, is glven by

o2 o 0 ——
} @ ¥ o+ @ M3

The third epproximation, .obtained {rom the fourth-order
determinant, is given by

’

(2 e+ (& + (5 » (S

WG g) - u

+ MMMz, = O : | (A13)

The shear-stress coefficient k; mey be fownd in the various
epproximetions directly from equations (All), (Al2), and (A13) for
any glven velues of 2, ky, and B. Because a structure buckles
~at the lowest strees.at which instability occurs, the value of kg
i1s found for a series of values of PB.. The minimm value of kg
for the glven values of Z and ky 1s then determined from a plot
of kg &gainst B. Teble 1 shows the cemvergence of the various
approximations for Xg. '

Solution for cylinders with clamped edges.~ A procedure
- eimllar to that used for cylinders with simply supported edges-may
be followed for cylinders with clamped edges. The deflection
function used 1s'-the followlng series:
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e otn BT foon BT g (2 2len]

+ coB 1-‘}5_: hml’fos .(!L:il-)ﬂ - cos .@_i‘fllﬂ} (A1k)
=1 ’

Comparison of equation (Alk) with equation (AL) shows
that

-

V. = sin r.g.rzﬁoe I:..LL)_@ - cos m.l%lﬁ
L -
;o (A1)

f (-1 ( )rx |
W, = cos ’-:-_I\cos 2 Ll IX - con 2 +Ll X
o _

where n31’2,3, s

When operations equivalent to those carried out for the case
of slmply supported edges are performed, the following simultaneous
equatione result: o ‘



1345

NACA TN No.

18

(91V) <

0=

0=

Q=

ﬁ.&fs M S ) R ¢ S R € ) t.am _<

N:ZTN:EV ST - W (T +m) T+ (T -1 (T - 1)

PPO BT U ; W oJoyM

=u

2\

(6- 1w T-,0+m 6-,1-m 1--w =

@©

9‘n‘e=m

-_(T .. Svl
[+ 7]
1+ v * . NAH + Ev h NAH - Ev ﬁH - EM a& “V WUm -

TR - T - (T T

ses fggE = u 304

By - &ifiq - mmz Hszp

2 =1u Jaog

0= :..mﬁ..m+av+:-m3-sv..sc J muﬂ|ozmﬁ Amz+ zwv.m

T+ 4 T )

T=u JIo4

*PPO 9T U I W BaJsym

_NAH +U) - (T +8) (T -u-,(T+8) (T +u) -,(T-uw  H(T-1) ..mﬁ - Ev g H“me .
_ AL +m AT @) =y 7 (T - 0 —
_ T g, T-RgeU, AThz N .naasvcw
. _ ves fCfyfC = u aog
-(T+m T-_(T+m 6-,(T-mw T- GE T=m
C < 4 B £ o T
B ¢ ) I ¢ ) B T - Q-E g J&w x+z§‘m2+zvmm
- . =1 Jo4
R e D e i B I 2 .
oum, Caa + T -Lao. Iﬂ% &+szw-ﬁmz+oeﬁvm

T=u JI04

Ty

r
|
2



NACA TN No. 1345

and

19

The infinite determinant formed by these equations cen again be
rearrenged so as to factor into the product of two mutuwally equivalent

subdeterminants.
the following equation:

b2 a3
3 L
15 i, 2
1 2322
N I1’“”3) 105
2322 Lo fvam
105 kg (ME'MH)
L 1h72
M3 15
= Ly
35 T
.
1155

bl‘- 85
105 0
L 32
ksM3 35
1L72 L
315 ksim

L (i _k160
k_ @13“5) 693
. B160 L fuyans
3 ks(~14 1g)
Ly 9likg
kg O 1287

The venishing of one of these determinante

% ...
.32
315 T e e
0 L L 2
1376
1155 [N ]
1
=M s
PR
giko
1287

kL;Qd5+MT) e

20,

(ALT)

The flrst appr‘oximation, obtained from the second-order determinant,

Infinite
leads to
"1
L
n= i;(?MQ*‘MQ)
n=2 %
n=3 '% M2
3
.6k
n=h 105
n=>5 0
2
n=6 315
is glven by

vkse = @‘2)2(2}40 + MQ> My + M3>

(A18)
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The second approximstion, obtained from the third-order
determinent, is given by
2
- : (o m)leom) - wfl

@ e ) - (DEe - (B o

The third epproximetion, obtained from the fourth-order
determinant, 1s given by

X, r(ls)uls) (€6 J( LY (oo + ) (MuM)
22 o - Ma> < - <ls;> i+ 1)+ )
Bt o) Do)

] 2@“)(105 (M + M5> 105 (1315\M (eM N M2

( (152)“ (e + ) L 105 ( 315)] Holt3

=
i\ MOQ'T + Mb, + M,Mh ‘:/Il(M + M5) + M MW =0 (A20)

+

+

As in the solution For cylinders with eimply supported edges,
_ the valve of k, has to be minimized with respect to B for given

velues of Z end kx' Table 1 shows the xgsults of the varilous
approximatione for k,

Comperison of present sclution with previous theorstical
golutions.- In figure 7 the solution given by Kromm (reference 9)
is compared with the present theoretical solutlon for cylinders
with simply supported edges. Although tie velues shown for Kromn's
solution e&re obtained from small-scale curves and are therefore
approximate, good agreement is lndicated between the results of
reference 9 and-the present solution.

N
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In figures 8(a) and 8(b) the results of the present paper ars
compared with those of Leggett (reference 10). The large
discrepancies seen in figures 8(a) end 8(b) are believed mainly
due to the erroneous assumption in reference 10 that the theoretical
interaction curves are parabolic and - in the case of figure 8(b) -
to the further erroneous assumption In reference 10 that the cross
sections of cylinders with clamped edges in axial compression
remain circular. . :
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APPFNDTY B
. VERTICAL PARTS OF THFORETICAL INTERACTION CURVES , |

At lov values of the curveture peremeter Z +the theoretical
Interaction curves have verilcal parts et a velue of ki
corresponding to dbuckling in exial compression alone. (See
figs. 1{a) and 1(b).) These vertical parts indicate that some
sheer stress may be applied to cylinders at low velues of 2
vithout any reduction of the compressive siress necessary to
cause buckling.’ The velue of Z at vhich the vertical parts
of the intermction cwrvee disappsar is the vpper limit of the
‘range of Z for which substitution of the value of ky for
pure compression into the sxpression for kg leade to real
values other then zero far kg.

Cylinders with mimply supporied edages.- Equation (All)
represente the first epproximation of the critical combinations
of sheer-stress and axial-stress coefficients for cylinders with
pimply supported edgss. When kg 18 equal to zero, the miniinm

value of k; which satlefles the resulting equation ls found by
setting M equal to zero end i1s glven by

2
—2n (31)

N2
H=@+§jfﬁ@+?f

’,

Thie equation is also obtained as the exact solutlen for e simply
supported cylinder dbuckling in pure axial compressicn (reference 2).
The duckle pettern corresponding to the lowest buckling losd at

low values of Z 18 that for vhich £ = 0. The substitutlon
of B =0 into equation (Bl) results in

kx,=‘1+Li%E. (B2)

One critical cambination of stress coefficients at low values
of Z 1s therefore
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(B3)

Another approximaete critical value of ks can be found for

2
127
k =1+ “h

by substituting this value of k, into equation (A1l) and by
letting B epproach 0. The velue of kg for the foregoing value

of ky 18 _
2
2 n _ 1228\, | 1228 ,
kg™ = 6@.‘6) (1 nu)(“ u) ()

=

From equation (B4) 1t appears that, when ky, has the value
indicatzd in equations (B3), ky depends upon Z in the following

manner: for values of 2< A, kg = + Constent; for values

8
5 12 .
T
of Z = QIE’ kg = 0; and for values of Z 2 i%g, ky; 18 imaginary.

Comparison of these velues with equations (B3) indicates that the
interaction curves heve vertical parts for values of Z in the
rangs

2< L (85)

Similer calculztions with higher approximations for kB give the

same range of Z for this verticel part so that expression (B5)
may be considored exact.
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Cylinders with clempe® eddeg.- An enalysis for cylinders with
clemped edges similar to tst used for cylinders with simply
supported edges indicates hat the first approximation for the
interaction curves gives vertical parts for

2 .
<2 D )

3

Expression (B6), unlike e'gression (BS), is nmot exact. Because
the Tirst epproximation, liowsver, is very close 1o the exact
solution when & substentitl emount of compression end little shear
are present, expréssion (E5) represents a good epproximation to
the exact result. - c

ool

3"
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THITORETICAL COMBINATICNS OF SHEAR-STRESS AND AXTAL-STRESS

TABIE 1

COEFFICIENTS AND WAVE LEIGTHS OF BUCKLES

Flrst Second Third j
Z ky approximation | approximetion | approrimation !
ks g kS B ks B l
|
Cylinders with gimply supnorted edges
1 “1 | mmeee- m—— S e N
O | ====-- -=-s | Sk2 L6 5.4110.365
T e B T 3011 BT IRy e
112 2.65] 0 | =memee|eemena] cccnee | cmans
1.12 0] O - | mmemce|cemama] cecmna | caeaa
5 -2 8.9 1.15 8.121 1.1% 8.10 1.2
-1 7.84% | 1.07 T21] 1ol | =~====] -c===
1 5 -1!-0 -89 5.11 '92 """"""""
2 Lo | " .80 3.82 BO| ~wmmes | e
2.5 3.12 75 3.0L I BT TR ppp—
3 2.11 67 2.09 LT mmmmmem | e
3.33 1.21 02 1.20 62| memma | ameae
10 -4 11.95 | 1.k 16.57] 1.42| 10.5711.k2
-2 10.2 1.32 9.1 1.35{ ====== | ===--
2 6.26 | 1.15 5.831 1.16] ===--<| -=---
L h.21 | 1.06 3.95| 1.06]| ====== | ===n=
5 3.0k { 1.0 2.90| 1.02] w=vewn | ====-
6 1.8 97| 1.75| 96| -==--- | -=---
6.66 88| .2 7 B A

COMMITTEE FOR AERQNAUTICS

NATICNAL ADVISORY
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TABLE 1 - Conidnued

THEORETTICAL COMBINATIORS CF SEFAR-STRESS AND AXTAL-STRESS

COEFFICIENTS AND WAVE LENGTHS COF BUCKLES - Continued

First Second Third
z kx approximetion | approximation| epproximation
kg B k, B kg <}
Cylinders with slmply supportied edges
30 -10 21.20| 1.95} 17.8812.02 | 17.5 | 2.3
-5 18.12 1 1.9 15.331 1.95 | 15.31|2.0
5 11.62 | 1.75 9.93 1.781 -----------
10 8,18 1.68 TOL] 1.1 | =mmoee | ====-
15 !4'059 106 ’4-.00 106 """"""""
18 2.36| 1.55 2.09] 1.55 | ~w===- camae
20 B 1,53 oJT71 1,53 [==e===]| =c===
100 -L0 51.0 2.9 41.7 | 3.1 41.0 | 3.3
-20 h2.5 2.8 3.9 | 3.2 .6 | 3.1
20 25 02 2'7 20 08 209 """"""
Lo 16.2 2.6 132 | 2,75 |====-=] ====-
60 6 08 2 06 5 033 2 07 """"""
65 4,5 2.6 30 | 2.7 |=-=e=e| ==c=-
66.6 3.5 2.6 2.2 | 2.8 |-=ecoc]| wcw=-
1000 | -400 277.0 5.55 | 224.2 | 6.2 |[220.66] 6.5
.| -200 233.5 5.5 | 189.5 | 6.1 1186.4 | 6.35
200 144 .8 5.3 {117.2 | 5.95 [114.56] 6.k
Loo 99.0 525! 78.5 | 6,00 |=~===~] ==c=-
500 5.6 | 5.25| 58.2 | 6.00 |-=-===- Rl
600 51.1 5 o‘h-ﬁ 35 . 6 d joeeme=]| =co=-
650 36.2 5.6 23,2 | 6,1 df==eeme]| ==e--
666 30.0 5.65| 18.65| 5.95 | 15.25| 7.0

'NATTONAL ADVISORY
COMMITTEE FOR AFRGNAUTICS
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TABTE 1 - Concluded

THEORETICAL COMBINATICNS OF SHEAR-STRESS AND AXTAL-STRESS

COEFFICIENTS AND VAVE LMGTHS OF BUCKLES - Concluded

28

7 Flrst aprrozimation Second approximation
fx kg B kg B
Cylinders with clempoed edges
1 -k .0 13.15 2.0 12.66 2.17
3.0 6.02 T 5.96 715
3.7 4.75 W41 4.73 415
3.9 4.20 26 k.19 275
ll- cl 3 . 36 | eeem= | eees-
,4' ol O O """""
2 -4.,0 13.18 2.03 12 .69 2.19
3.0 6.11 .72 6.04 .76
3.7 4.9 45 1.88 &7
L.0 4.13 255 k.12 26
4.2 3.32 0 | eeeme | eemes
4.2 0 0 | aeaee | cmae-
5 -3 14.17 2.24 13.59 2.4
3 6.66 .95 6.56 97
4.2 L.85 55 4.82 55
4.8 3.01 0 “meoe | meves
L.8 0 0 | meems | eeee-
10 -6 15.52 2.6 14.79 2.8
b 6.96 1.2 6.82 1.25
6 b4t 75 b,43 .76
7 2 1 n50 0 | mmees | e-ea-
7 2 0 ‘ 0 ] emememm=  eeews
14 6.70 2.46 6.25 2.60
18 3.60 2.15 3.3k 2.25
21.5 0 1.28 m=ees ] wee==

: NATICNAL ADVIECRY
COMMITTEE FCR AERCNAUTICS
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Figure 1.~ Theoretical combinations of shear-stress and axial-stress
coefficients for buckling of cylinders, O?f/
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Fig. 2
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Fig. 4

cO!

*uoIssaIduwod TeIxe
UT SISPUTTAD JO SUTTonq JOF SJUSIONIJo00 SSodls [eOIID - % 8andrd

-1 .N_n_m.uN
»Ol ¢0l 20l o]} |
HIRARLEE TITT T T 1 HIEREEERE T T T FITTTT 11
sabpa papoddns Adussg / ]
7
10
—y
000e4~ —
- oooN\\ N
X4ty HaL00y
000! ool -]
006G -
L -
p ) -
y g

ol

cO

el

w1y



Fig. 5
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Fig. 6
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Fig. 8
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(b) Clamped edges.

Figure 8.- Comparison of Leggett’s solutions with present solutions
for cylinders,
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